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Abstract. In this paper, we present a complete proof of the construction of 
graphs with bounded valency such that the simple random walk has a return 
probability at time n at the origin of order exp{—n°'), for fixed a g [0, 1[ and 

2a 

with Folner function exp(n^-°' ). We begin by giving a more detailled proof 
of this result contained in (see |4]). 

In the second part, we give an application of the existence of such graphs. We 
obtain bounds of the correct order for some functional of the local time of a 
simple random walk on an infinite cluster on the percolation model. 
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1. Introduction and results 

A graph G is a couple {V{G), E{G)), where V{G) stands for the set of vertices 
of G et E{G) stands for the set of edges of G. All graphs G which are considered 
here are infinite and have bounded geometry and we denote by i^ig) the number of 
neighbors of g in G. 

We study the following random walk X on G defined by: 
( Xo=g, 

I nXn+i = b\X,, =a) = ^^(l^(,^,)gs(c„ + l{„^,j) 

The random walk X jumps uniformly on the set of points formed by the point 
where the walker is and his neighbors. Thus X admits reversible measures which 
are proportionnal to m(a;) = i^{x) + 1. 
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In this context, the transition probabilties are linked by the isoperimetric profile. 
For a graph G and for a subset A of G, we introduce the boundary of A relatively 
to graph G defined by 

doA = {{x, y) e E{G); x e A et y e V{G) - A}. 

Actually, we will rather work with F0lner function to deal with isoperimetry. Let 
G be a graph, we note FoIq the F0lner function of G defined by: 

Folaik) = min{|C/|; U C V{G) et < j}. 

\U\ k 

If G' C G is a subgraph of G, we will use the Folner function of G' relatively to G 
defined by: 

Fol^,{k) - min{|C/|; U C V{G) et < 
We have the following proposition (see coulhon Ij) 

Proposition 1.1. Let mo = infy([/) to > and X be the random walk defined 
by (Qp. Assume that Fol{n) > F{n) with F a non negative and non decreasing 
function, then 

snv¥{Xn ^ y\Xo = x) <v{n), 



where v satisfies : 



" - ~8(F-l(4/«(t)))2' 

v{0) — I/toq. 



(We recall that a„ ^ 5„ if there exists constants ci and C2 such that for all 
n > 0, a„ < cibc^n and a„ « 6„ if a„ ^ 5„ and a„ >z 5„.) 

For example, we retrieve that in Z*^, the random walk X defined above has transi- 
tions decay at time n less than n^'^^^ and in T2 the Cayley graph of the free group 
with two elements, the transition decay of the random walk are less than e^". A 
natural question is to know if there exists graphs with intermediate transitions de- 
cay. Some others motivations can be found in section [31 

From Z, one can perhaps adjust some weigths on edges to get the expected 
decay but we look after a graph with no weigths. Indeed, there are combinatorics 
arguments in section [3] that will not work if any weigths are present. 

Our main result is : 

■2a 

Proposition 1.2. Let a G [0;1[, F := ° and cr{n) e^" . There exists a 
graph Dp — {V{Dp),E{Dp)) with bounded valency such that : 

(i) FoId^ « F, 

(ii) there exists a point do S V{Dp) such that, for all n, p^''{do,do) « cr{n), 
where p^^ ( , ) stands for the transitions probability of the random walk X defined 
above when G — Dp. 

1.1. Example of application of proposition 1 1 . 2l With the help of these graphs 
and with some good wreath products, we will be able to find upper bound of 
functional of type: 

E(e-^^^(^"^^)) where L^,„ = G [0;n]; Xu = x) on the graph get 

after a surcritical percolation on edges of Z'', where edges are kept or removed with 
respect Bernouilli independant variables. The points of are the point of the 
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infinite connected component C which contains the origin, we will give more details 
in section [3l In particular, we will prove the following property: 

Theorem 1.3. Consider a simple random walk X on the infinite cluster ojU^ that 
contains the origin Q a.s on the set \C\ = +00, and for large enough n we have: 

(2) Va e [0, 1] E^{e ^--E>o^"" l{x„=o}) « e-"\ 

(3) Va>l/2E-( n ^.7;" l{x„=o}) « e^-^'-^")"*' , 

2;iz;,i>0 

where rj^ 2+rf(i-^) - 

The constants present in the relation « do not depend on the cluster lu. 

Remark 1.4. If we take a — in equation we retrieve the Laplace transform 
of the number of visited points (see 

In the whole article, C, c are constants which value can evolve from lines to lines. 
2. Proof of proposition 11.21 

In this section, we first recall the definition of the wreath product of two graphs 
and we explain our strategy aimed at the construction of our expected graphs. This 
leads naturally towards two cases corresponding to the two last subsections. 

2.1. Wreath products and explanation of our method. Let A a graph and 
{Bz)zeA a family of graphs. 

Definition 2.1. The wreath product of A and {Bz)zeA is the graph noted by AlB^ 
such that: 

V{A I Bz) = {(a, /); ae A and f : A ^ UzB^ with supp{f) < 00 

and Vz G A, f{z) e S J 

and E{AlB)^{[{aJ){b,g)y, (f ^ g and (a.b) e EiA)) 

or 

{a — b and \/x ^ a f{x) — g{x) and (^f{a),g{a)^ G E{Ba))} 

This graph can be interpreted as follow: imagine there is a lamp in each point 
a of A such that each point of Ba defined a different intensity of the lamp. The 
different intensity of each lamp can be represented by a configuration / : A — > Ua-Ba 
which encodes the intensity of the lamp at point a by the value /(a). A point in 
the wreath product is the couple formed by the position of a walker in graph A and 
the state of each lamp. A particular case is when the graph Ba (called the fiber) is 
the same for all a e A. 

Let us now explain the way we construct graph Dp of proposition 1 1.21 Consider 
the wreath product of the Cayley graph of (Z, +) by the Cayley graph of ^ with 1 
as generator. By the Theorem 1 in IJ] (or Proposition 3.2.1 in j6]) we immediatly 
deduce that the Folner fonction of this wreath product is like e". So this graph 
answers to proposition 1 1 . 21 in the case = 1. ie : a = 1/3. 

In the case a 7^ 1/3, it would be rather natural to think that we can get the expected 
graph, by considering the wreath product of Z by fibers with variable sizes. 
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• If a > 1/3, the return probability in the graph Dp should be in e " so less 
than in the graph Z ? ^ (in e~" ) . Thus to force the walk to come back rarely 
at the origin, an idea is to make the size of the fibers grow when we move away the 
origin in order to force the walk to loose time in the fiber. 

Note that for a > 1 condition (ii) is always satisfied (in a graph with bounded 
geometry) . 

• If a < 1/3, the return probability in the graph Dp should be larger than in 

1/3 

e~" . The idea is to add some links (some edges by example) to force the walk 
to come back often to the origin. Suppose all lamps are identified then we get a 
decay in and if all lamps are independent we get a decay in e~" ^ , so it 

remains to find an identification of lamps which implies an intermediate decay. We 
are going to construct a wreath product where the walker (at a certain point) is 
allowed to change the value of the configuration at differents points. Such graphs 
are sometimes called generalized wreath products. 

To prove isoperimetric inequality on wreath product ( point (i) of the proposition 
II. 2p we use idea of Erschler and the concept of "satisfactory" points. We begin to 
introduce this notion in section [^T^ At the beginning of section l^?^ we explain why 
an improvement is needed in the definition of "satisfactory" points. The improve- 
ment takes place through the introduction of a new and more theoretical way of 
defining the notion of " satisfactory" points than in section 12.21 For simplicity, we 
use the same words for this concept in the two sections but notions which appear 
in sections 12.31 and [2.21 are independent. 

2.2. case i < a < 1. 



2.2.1. Construction of the graph and preliminary notions and lemmas. Let A' = 
{Z,E{Z)) where E{Z) = {(x,y); \x - y\ = 1} and (B;)^ez be the Cayley graph of 
the groups {jfjj^, +) with {1} as generators where l{z) — \V{B'^)\ = ^-pjj^^y-, [F is 
defined at proposition 1 1.2p . 

Notice that since a G [1/3, 1], the fonction z l{z) is increasing on M+. 
Finally put 

Dp ^A'lB'^. 

Let us prove that this graph answers to propostion 11.21 

We begin by proving (i). 
The proof is similar to the Theorem 1 in or proposition 3.2.1 in [6j. 

Let ibM = FolA'in) — rain \U\ — 2n. 

^ (7CZ 



Take U C V{Df) = V{A' I B'^) such that ' , J, < l/n for some n. We want to 
find a lower bound on \U\. 

• For each set U, we attach an hypergraph Ku = {v [Ku) , £^{Kij)^ such that: 
- the vertices of Ku are the configurations / which belong to the set {/; 3a e 
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Z(a,/)eC/}, 

- let us now define the edges of Kjj : for all / G V{Ku) and a G Z, we link / to all 
configurations g satisfying: 

< and 

[ yx^a f{x) = 
by a multidimensional edge Z of dimension d where 

d = dimf (a, .g) G a?^rf Vx ^ a /(x) = 5(a;)}- 

a 

We say that the edge I is associated to point a. 

• To each hypergraph Kjj we associate a graph called the " one dimensional skele- 
ton", noted by T{Ku) = Tu = iV{Tu), E{Tu)) and defined by: 

- V{Tu) = V{Ku), 

- two configurations /i and /2 are linked by an edge if they belong to a same mul- 
tidimensional edge in Ku. 

Let w be the weight defined by w(e) = l/d for e belonging to E{Ti/) and coming 
from a multidimensional edge in Ku of dimension d. Notice that this choice of 
weights gives : 

(4) \U\>2 J2 ^(e)' 

and if we assume moreover that for all {x, /) G U, dim^f >\{U has no separeted 
points) then the equality holds in 2] Let p be the projection ZlB'^ Z. Let us now 
introduce some notations. Denote A = (Aa)aGp((7) S Rp^*^) and 6 > 0. 

• For / G V{Ku), we say that / is (A, b) — satisfactory if : 

#{aepiV);dimf>\a}>b. 

a 

ie : / is (A, b) — satisfactory if there exists at least b multidimensional edges 
attached to / in Kjj of dimension at least Aa at point a. We denote by Su{^, b) the 
set of these points. Most of the time, in order to simplify notations we will drop 
the subscript U when there is no ambiguity. 

• Otherwise we tell that / is (A, b) — nonsatis factory and we denote by NS{X, b) 
the set of nonsatisfactory points. 

• An edge of Tu is (A, b) — satisfactory if it links two (A, b) — satisfactory con- 
figurations otherwise it is said (A, 6) — nonsatisfactory . We denote S'^{X,b) [resp 
NS'^{X,b)] the set of (A, 6) — satisfactory [resp (A, &) — nonsatisfactory] edges. 

• A point u = {x, f) ^ U is (A, b) — satisfactory [resp (A, b) — nonsatis f actory] if 
/ G ^(A, b) [resp 7V5'(A, b)]. We denote by ^^(A, b) and NSp{X, b) the set of points 
which are (or are not ) (A, b) — satisfactory. 

• A point u — (a, f) ^ U is said b — good if dimf > b otherwise it is 6 — bad. 

a 

Let us now explain the main steps of the proof. We take U C V{Dp) such that 
^^"^l'^^ < i. We begin to prove that there exists some value of b and some se- 
quence A such that there are few points (A, b) — nonsatis f actory . Then, we extract 
a subgraph of Tu where all points are (^, ^) — satisfactory and this allows us to 
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obtain a lower bound of \U\. We begin by the following lemma. 



Lemma 2.2. Let U e V{A' I B'J such that ^^^^ < then 



(■\ #{u={x,f)eU; u is \^{n)-bad} ^ 1 

#U - lOOOn 

/ . •^ #{«=(a;,/)g[/; «eJVg''(A(n)/3,V>(n)/3) } ^ J_ 
#C/ - 500' 

where A = (Aa;)^ wii/i Xx{n) = FoZs^(n) and V(^) = FoIa'{ti). 
Proof. 

For (i) we notice that we can associate to certain bad points, some point of the 
boundary of U. Indeed, for {x, /) a point, we call: 
Pxj = {gix); (x,g) e U and Vy 7^ x g{y) = f{y)} and 
PxJ = {{x,gy, g{x) € P^j} . Note that = \P^j\. 

Fq stands for a set of configurations such that: 

[J Pxj = {u= {x,g) &U; u is FolB'^{n) — bad}. 

xeA'jeFo 

Take note that, for a point u = {x, /) which is FoIb'^ {n) — had, by the definition of 
a Folner function, we have: 

\Pxj\<FolB'Sn)- 

So, 

Now the application \J dB^Pxj — > dopU is injective. 



(51,52) ^ ( 



where (51,52) G ds^Pxj and fa,h ■ v ^ /(«) for v ^ a. 

a h 



Hence, we have : 

\U 



xeAjeFo 



> 

n 

xeAjeFo 

— #{u = {a, f) £ U; u is FoIb'^ {n) — bad}. 



For (ii), the proof splits into three parts. 
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A. Let, 



Neud = {u&U;u& NS^i^, :^£kM) } 

and let: 

NeudU) = {{x,f)-{x,f)&U}. 

Notice that p{Neud{f)) = {x; {x, /) G U}. 
For a set of configurations, we call 

Neud{F) = U^Neudif). 
Note well that it is a disjointed union. 



B. Now take / G NS{^, :™aiM)^ and look at the set p{Neud{f )). There are only 
two possibilties: 

-either, it gives a large part of boundary in 'base', 

-either, it gives a few part of boundary in 'base'. If this is the case, taking into 
account that / is not satisfactory, we retrieve boundary in 'configuration'. 
Anyway, we get some boundary of U, but our assumptions restrict this contri- 
bution. 

So we differentiate two cases: 

First case : / g Fr := {/ G 7V5(A, E^); ^l-;^^^) > !}• 
The application IJ dA'p{Neud{f)) — > dopU is injective. 

{x,y)^({x,f);{yj)) 

So, we get: 

(5) \dDpU\ > V \dA'P{Neud{f))\ > - V \p{Neud{f))\ > -\Neud{F,)\. 

Second case : f e F, := {/ G NS{I, ^^); < i}. 

Since / G NS{^, ™|iM) it follows that : 

#{x G p{Neud{f)); dimf > ^} < ^Fol^'ik). 



Hence, 



#{x Gp(7Veud(/)); dimf < ^} > \Neud{f)\ - \FolA'{n) 



(We use that \p{Neud{f) \ = \Neud{f)\.) 

Since / G F2 and by definition of a Folner fonction: 

\Neud{f)\ > FolA'{n). 
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As a result, we have: 

#{x e p{Neudif); dimf < ^} > ^|7Veud(/)|. 

(6) ie:\Pf\>^\Neudif)\, 
with Pf = {x e p{Neud{f); dimf < ^}. 

Let Pa; J = {^(a;); {x,g) e C/ and \ly ^ x g(y) = f{y)}- To each point of 
Ob'^PxJ we can associate, by the same way as before, a point of dopU. So, we 
have: 

Now for a; in Pj, dimf = \Pxj\ < — \P(^^B'^{n) < FolB'^{n). So 

\dB-^Pxj\ > v.,/ 1, 

ie: 

l^siP.jl > 1. 

Then, 

J2 I^bPxjI > Yl\Neud{f)\ hym, 

xePfjeF2 feF2 

> '^\Neud{F2)\ 



We have thus 



\dDpU\ > -\Neud{F2)\ for n>2. 
n 



C. Adding ([5]) and this last equation and using the inequality ^^"^1^^ < lo^on' 
obtain : 

\Neud\ 1 
\U\ 500' 

□ 

Lemma 2.3. Let {Tu,w) be the one dimensional skeleton with weights w, con- 
structed from Kjj. Let rj = (?7a)a6p((7) ■ 

Assume that E{Tu) ^ and V(a, f) ^ U dimf > rja > 0- Lf the following condition 

a 

is satisfied : 

E ";(e) 

E w{e) 
eeB(r„) 

then there exists a not empty subgraph T' — (^{T'), E(T')j of Tu such that all 
edges are S^{rj/10,b/lO). 



Proof. In the gaph (viXu), E{Tu)j , we remove all points NSfj{r]/10, 6/10) and the 

adjacent edges. After this step, it may appear new points which are NS^^ (??/10, 6/10), 
where Ui ^ U ~ NSf,{r]/10, 6/10). 

We remove once again these points and adjacent edges and we reiterate this process. 
Let Ui be the set of points still present at step i. 

Uo = U, 

for i > 1 C/,+1 = U,- iVS'^^ (77/10, 6/10). 
It is sufficient to prove that this process stops before the graph becomes empty. 
Let Ci = J2 "^(e) , C2= J2 '^(e), 

e£N Su iv^^) ^^Sfj{ri^b);e removed 

at the end of the process 

et 

e^E(ru)}'-,G removed 

at the end of the process 

If we show that C2 < Ci, the propostion is proved, since : 

Co<Ci+C2<2Ci< J2 ^(e)- 

eeE{ru) 

Indeed, this means that it remains point (s) not removed, ie: 3ka G N such that all 
vertices of the graph we get at step fco, are S^^ (77/10,6/10), done 5^(77/10,6/10). 

In order to see this, let us introduce an orientation on edges removed: if L and 
Q are points of the graph, we orient the edge from L to Q if i is removed before 
Q, and we choose an arbitrary orientation if they are removed together. We denote 
by L the set of edges leaving the point L and L the set of edges ending at point L, 

both at step 0. 

Sublemma 2.4. Let fc G N and let L stands for a point of the graph Tij (satisfying 
assumptions of lemma \2.3\) . removed after fc + 1 steps. Suppose that L is initially 
S^{ri,h), then 

^w{e) < -^w;(e). 

I T 

INITIAL STATE STATE JUST BEFORE L WAS REMOVED 




These pictures are represented at step on the left side and at step k on the right 
side. 
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Proof. It would be useful to notice that for a multidimensional edge e, the sum of 
the weights (in the skeleton) of edges coming from e and adjacent to a point, is 
always equal to 1. This is implied by our choice of the weight. 

The proof is divideds into five parts. 

A. Let A^o the number of multidimensional edges at step 0. Since L is S^{r],b), 
there are at least b multidimensional edges attached to L. So, 

(7) No > b. 

Note that: 



wie) = No. 



e contains L 

B. Let : 

Li = {e e L, e coming from a multidimensional edge of Ku , 

I i 

associated to a point x, of dim > 

and 

L2 = {e G L, e coming from a multidimensional edge of Ku., 
L i 

associated to a point x, of dim < tJx/IO}. 



We have: 



L = Li UL2, 
i I I 



because edges of L, are edges leaving L at step k. 

C. Since L becomes N S^^{ri/10,b/10) , there are less than 6/10 multidimensional 
edges associated to each point x, of dimension at least rix/W. Call them 
/!,...,/„ with q < 6/10. 

(8) E"'(e)= E E «^(e)<9- 

eeLi k=l..q e 

I comtng from ff. 



(Initially this last sum was equal to 1, but after removing some edges, this sum 
value becomes less than 1.) 



D. Let gi,...,gh be the other multidimensional edges attached to L at step k as- 
sociated to a point x, and with dimension strictly less than r^x/lO. We have 
h<No-q. 

Consider an edge e coming from a multidimensional edge associated to a point 
X. For all k = l...h we have: 



(9) 



^ ^ ^ - r?^ 10 - 10 

coming from 
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Indeed, firstly since all configurations (relatively to this edge e) have initially 
dimension at least rjx we deduce that w(e) < l/rjx. And secondly a multidi- 
mensional edge of dimension less than rjx/^Q gives less than 77^;/ 10 edges in the 
skeleton. 

E. Finaly by ^ and dH), we get: 



4- i- 

100 



(g < &/10 < A^o/10 by Q. 
So, 



, X 19 , X 19 81 

Y.^{e) < j^No and Y.w{e) > No - —No = —No. 

I T 



So, 



eeA eeA eSA 

I T T 



□ 



To finish the proof, let us consider: 
Di ~ { vertices removed at step 1}, and for i > 2 
-Di = {vertices 5'^^ (77, 6) removed at step i}, 
Fi — {edges between Di and 
Fl = {edges leaving 



Note that Fi C -F!/ and that the edges of _F!/ are removed. 
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The proof ends up in four parts: 

A. Apply sublemnm 12.131 to each point of Di, in the graph staying at step i — 2. 
(Each point of A is S{rj, b).) We get : 

^^^^ 



So, 

E ^e)<(ir-i5]z.(e). 



'2' 



(We use that F, c F[.) 
Hence, 

eg U F.' i>l eGF2 

i>3 • 

B. Now, an edge of F2 is NS^{ri,h) since if it was 5*^(77,6), it would link two 
points S^{ri,b) and in particular points of Di would have been S^{ri,b), then 
S'j}(77/10, 5/10) and so would not have been removed. In consequence : 

Y.w{e)< E «^(e)=C^i- 

eGF2 e^NS^{ri,b) 

C. Besides, all removed edges Sfj{rj, b) are in some F^ with j > 3, so 

E ^(^)^^ E ^(^)- 

e removed at the end of the process eG U F' 



D. Hence, C2 < Ci, which achieves the proof. 



□ 
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Now, we use the following lemma to get a lower bound of the volume of U . 

Lemma 2.5. Let N : IR+ — > ]R_|_, a non decreasing function. 
Let us take 6 £ N* and A a not empty set of configurations such that : 
^f € A X2, Xft G Z such that \/i S [|1; b\] gi € A 
where gi is one of the following functions, defined from f by : 
f{x) ifx^Xi, 
there are N{\xi\) possibilities for gi{xi) if x = Xi, 

N{0) (^N{l)N{2)...N{^)y if b is odd, 

N{0) (7V(l)A^(2)...Ar(^)) if b IS even. 



then \A\ > 



Proof. We will proceed by induction on b. 
If 5 1 it is true, since is non decreasing on . 
Assume 6 > 1 and consider a point xq in the base such that: 
•|a;o| > if b is odd and |a;o| > | if ^ is even. 

• And there exists fi, fN(\xo\} ^ ^ satisfying \fi e 7V(|a;o|)|] fiixo) range 
among the A''(|a;o|) possible images. 

For i G A^(|a;o|)|], we denote by Ai the set {/ G A; f{xo) = fi{xo)}, which is not 
empty. 

We have A= ij A- 

l<i<JV(|xo|) 

Besides, the Ai satisfies the induction assumption with constant b — 1. 
So, if for example b is odd, iV(|a;o|) > A^(^^) and we have: 



1-41 - E i-^^i 

l<j<Af(|a;o|) 



> E ^(0) {N{l)...Ni^)) N{- 

l<i<N{\xo\) 

> N{0) [Nil)...N{^-^)y Nit-l)Nixo) 

> N{0)[Nil)...Ni^—^'^' 



The proof unfolds the same way when b is an even number. □ 



2.2.2. Proof of (i) of the proposition \1.2\ : 
• Lower bound of Folner function. 

For the lower bound of Folop, take U C V{A' } B'^) such that ^^"H]^^ < TMjrT 

K — {v{K),£_{K)^ the subhypergraph of Ku constructed with points (x, /) which 

are Folg/ (n) /3 — good. K is not empty, since by the part (i) of the lemma 
\V{K)\>{l-j^)\U\. 
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Then we have: 



by remark Q 

< ^— |f7| by lemma O^m) 

< #{w = (x, f) e U, ^^4^ - good} 

~ 1000- i ^ ^ ^ 3 ^ 

n 

by lemma [2?2ji) 

1000 - r ^ . ^ ^ 

eeE{r{K)) 

< J2 ^(^)- 

e£E{r{k)) 

with = g|g < i, so lemma [^751 can be applied to K, to deduce there exists a 
subgraph K' = {V{K'), E{K')) of X such that all edges are S'^(A(7i)/30, V(")/30). 
Then by lemma [2T5l applied with N{\x\) — FolB^{n) /?>Q to the set of configurations 
relatively to K' , we deduce for large enough n : 

\u\>m)(ui) um)\'^m(m em^^v 

yK^)-^K )) F{0)\F{\)- F(n/40) J' 

'(ki+i: 



(We use that for fc > 3, Fole'^k) = \B'^\ = = -^MtT-) 



So, 

\U\ > cF{n/40f >z F{k). 

2a 

(Since F{x) = e"^^^^" we have F w F"^.) 
ie : 

FoloAk) h Fik). 
•Upper bound of Folner function. 

For the upper bound of the Folner fonction oi Dp, we take: 

U = {(a, /); < a < n ; suppif) C [|0; n\]}. 

On a 

\U\ = nF{n) et \dDpU\l\U\ < c/n, 

so, 

FolDp{n) < nF{n) ^ F{n). 
• So the graph Dp has the expected Folner function on the case a > 1/3. 
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2.2.3. Proof of (ii) of the proposition \1.2\ : We proceed in 5 steps. 

A. Let do = (0, /o) where /o is the null configuration. 

Let Hn = (Kmgn) the random walk on Dp starting from do which jumps uni- 
formly on the set of points formed by the point where the walker is and its 
neighbors. 

This random walk admits a reversible measure fi defined by fi{x) = VDp(x) + 1. 
Note that for aU x e V{Df), ^i{x) < 5. 

B. Using reversiblity, we can write, 



> 



Vn {do,z) 



> 



where A is some subset of V{Df)- 

Choose A = Ar — {{a, f) ; |a| < r and supp{f) C [— r, r]}. 

C. The structure of edges on Dp implies: 

P^/(i?„ G Ar) > P^;(V* e [|0, n\] \K,\ < r) 
> P^(Vze [|0,n|] \K,\<r), 

where is the law of (Ki) which is again a random walk with probability 
transitions that can be represented for n large enough by : 




Indeed, as soon as l{\n\) > 3, the point {n, f) has 2 neighbors in "configuration" , 
2 neighbors in "base" and itself as neighbor. For this walk we can prove (as in 
proposition 5.2 in [6]) that : 

3c> 0,Vn > P^(Vi e [|0,n|] \K,\ < r) > 

In fact, a better bound holds P^'^'(Vi G [|0,n|] \Ki\ < r) > e~™/''' (see lemma 

7.4.3 of [7 J but it is not necessary here. 

Thus, 



(10) 
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D. Compute now we have: 

fJ.{Ar) < \Ar\maxfi 

< CrF{r + if 
^ Fir). 

2a 

( This last inequaUty comes from the form of F{r) in e'^'' ° .) 

E. Gathering the results, by inequality pU|) and the fact that > 1, we deduce 
that it exists c > such that: 

2a ... . 1 — a 

The function r ^ + r is minimal for r like n~2- , 
So , it exists c > such that: 



Remark 2.6. Note that by proposition \1.1\ and with our estimate of Folop, we 
have for all x,y in Dp, P2rf (2^:2/) ^ • P2^ {dg, do) w e~" 

2.3. case < a < i . 

2.3.1. Construction of the graph and preliminary lemmas. Consider the general fol- 
lowing context: let A and B two graphs and an application A —i- A' . Now we 
look at the graph such that: 

- the points are elements of {A x ), 

- edges are couple ((a,/); {b,g)) such that : 

(i) either Vx S A', f{x) = g{x) and a is neighbor of b in A. 

(ii) either a = b and <l){a) f{x) ~ g{x) and f{4>{a)) is neighbor of g{(j){a)) in _B. 

Such graphs are called generalized wreath products. 

If A' ~ A and cj) ~ id we retrieve our ordinary wreath products. 

Case which interest us is when A = A' — (Z, £^(Z)) and B is the Cayley graph 
of ^ with 1 as generator. 

To define ^ : Z — > Z, it is sufficient to give the following sets Ai — {x; <j>{x) — i}, 
which should form a partition of (/'(Z) (which is here Z). Let A = {Ai}, we note 
Alj^B the generalized wreath product considered. 

Let /? = < 1. 

' l — a 

If we want a Folner function like e" , we should construct (f> (or the partition A) 
with some redundancies. Suppose for example that Folner sets are : 

(11) Un = {(a,/); a e [-n;n] et supp{f) £ [-n;n]}, 

we should have 

#<?i([l - n; n\]) = {i; A, n [-n; n] ^ 0} « n^^ . 
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For O c ^, it would be useful to introduce: 

N^{n) = #{i; Ainn^iD}, 

and 

In particular, let: 

N-^{k,k + m,) = N'^{[k,k + m]) ct Sj{k, k + m) ^ Sj{[k, k + m,{). 

The following lemma gives us the construction of the partition which answers to 
our problem. 

Lemma 2.7. 

Let 51 : N — > N increasing with g{l) = 1 such that for all n in N, 

g{2n) < 2g{n). 

Then there exists a partition Ag = {Ai} ofL satisfying: 

(i) for all m >0 and for all k in Z, 

TV'^s (fc, k + m) X gim), 

(ii) there exists K > Q such that for all m > 0, for all k in 1 and for all i,j in 
Sj{k,k + m) ^ 0; 

Si{k,k + m) ^ ^ 
Sj{k, k + m) ~ 

Proof. 

A. We first define partition on intervals [1, 2*] (s > 0) by induction on s, such that 



ML^<2 for 5^(1,2") 7^ 0. 



• For s = 0, we put the point 1 in some Ai, since g{l) = 1 (for example Ai). 

• Let s > 1 and suppose now the partition is built on [1,2**]. We extend this 

partition to ]2^2^+l]. 

Let Ai,A2, Ag(2») the partition on [1,2**] given by induction assumption. 
Rank by decreasing cardinal these sets: Ai^ , Ai^ , ^ig(2S) • (*) 

ie: #(^,, n [1, r]) > #{Ai, n [i, 2'']) > ... > n [i, 2«]). 

(*) is only to get (ii). 

Let j G]2*, 2*+-^], there exists ik such that j — 2* e Ai^, 
-if k > 5(2^+1) - <?(2«), we put j in A,, 
-otherwise, we put j in a "new " class, j e Ag(^2'>)+k- 

Thus wc have : 

iV-^«(l,2^+i) = iV-^^ (1, 2^) + #{fc e [l,g(2^)]; fc< 5(2^+1) -5(2^)} 

= gir) + gir+') - g{r) 

= 5(2^+'). 
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Besides, note that by construction either Si(l, 2*+^) = Si(l, 2'^) or either 5*^(1, 2''+^) = 
25,(1, 2"). So the second assertion of {V) is weU satisfied at the rank s + 1, ex- 
cept when 5*4(1,2*+^) has doubhng and 5^(1,2"+^) is unchanged. But in this 
case, by (*) we have #{Ai n [1,2"]) < #{Aj n [1,2**]), that could be written 
5i(l,2«)< 5,(1,2-). So, 

5,(1, 2«+i) 5,(1,2-) - • 

B. We end up the construction of the partition on Z as follow: for j < 0, we put 
j G Ai where — j + 1 G Aj. we call this partition. 



C. Let us check conditions (i) and (ii). 

First, notice that for all integers A and for all s > 0, partitions on[l,2-] and 
[A2^ + 1,{A + 1)2*+^] are equivalents. And in particular we have: 

(12) N^o{0,2') = N^^{2'A,2'{A+1)), 

^ 5, (2" A, 2" (A + 1)) 

Consider k gZ and m > 0. 

Let s > be such that 2-'-'^ < rn < 2-"^i and let A = min{£); k < D2^-'^}. We 
have [A2--2, {A + l)2-'-2j c [A:, fc + m] and then 

N-^^{k,k + m) > iV-^» (2-2^,2-2(^ + 1)) 
= iV-^' (0,2-2) 

= 5(274) 
> g{m/4:) 
h g{m). 

Let B = niax{£); D2— ^ < k], we have [k, k + m]c [B2— \ {B + 2)2— i]. 
So, 

N^o{k,k + m) < A/''^3(B2—\ (5 + 2)2—1) 

= N'^<'{B2'-^, {B + 1)2—1) nA^i^i^q ^ 1)2—1, _^ 2)2—1) 
= 2ff(2-i) 
< 2g(2m) 
^ 9{m). 

That proves (i). 

Let now C = ma,x{D; D2^~^ < k}, by the definition of s, it is easy to ver- 
ify that : 

(14) [(C + l)2-^ (C + 2)2-3] c [fc, fc + m] C [C2-3, (C + 5)2-^]. 




c2'"' k (0+1)2^-' (c+2)2'-' k+m (0+5)2^"^ 
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Let i,j be the subscript which index the partition such that Si{k,k + m) ^ 
and Sj{k, k + m) ^ 0, we can write, 



S,{k,k + m) < S',(C2"-^(C + 5)2"-'^) 

< 2Sj{C2'~^,{C + 5)2'-^) par ((131) 
(15) = 2[Sj{C2-'-^,k) + Sj{k,k + 7Ji) + Sj{k + m, {0 + 5)2"-^)]. 

Consider the terms Sj{C2''-^, k) and Sj{k + m, (C + 5)2^^-3)^ 
First we have Sj{C2^-^,k) < Sj{C2^"^, (C + 1)2^-3)^ 
Besides, there exists ji such that 

Sj{C2'-^, {C + l)2'*-3) = Sj,{{C + 1)2"^3^ (C + 2)2'-^). 

We deduce 

Sj{C2''~^,{C + 1)2"-^) = Sj,{{C +\)2'-^,{C + 2)2'-^) 

< 2Sj{{C + 1)2'^^,{C + 2)2'^^) hy 1^ 

< 2Sj{k,k + m) by the first inclusion of (HH) 

By using the same approach, we prove, 5^- (fc + m, (C + 5)2'^^^) < 2Sj (fc, fc + m). 
Finaly with we get, 

Si{k,k + m) < KS.j{k,k + m) with X = 10. 

That proves (ii). 

□ 

Remark 2.8. The property (ii) of lemma \2.7[ can be extend immediatly for all finite 
set f2. Indeed, we have for each connected component fi" ofQ, SiiCl'') < KSj{Q''^). 
Then summing on s, we get Si(fl) < KSj{fl) 

Before showing that the graph A B is solution of our problem, let us notice 
the following property of the partition Ag, that will be useful in the next. 

Lemma 2.9. Let g satisfying assumptions of property \2. 7| and Ag = {Ai\ the 
associated partition. There exists constants ci,C2 > such that for all C Z, 
satisfying ^^|^|"^ < ^, for all VLg <Z ^ such that \Vls\> 5\^\, (S > 0) we have: 

A, n ns ^9}> ci^g{c2FolAik)), 
where K is the constant which appears in the item (ii) of lemma 
Proof. 

(1) Let O C Z such that < j. There exists at least one connected 
component il"" of Q such that ^j"^!^ ° < j and so > FolA{k). 

(2) Take for ci et C2 the constants verifying N-^" (fc, k + ni) > cig{c2m), for all 
k in Z and m in N. 

(3) There exists «o such that < lAi^ n < cig{c2F!,iA{k)) ■ 

Indeed, if for all j such that I A, n 511 > we had lA, n 01 > — ; — 

' •' I J I \ J \ cig(C2FolA(k)) 
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then we would have had , 



cig{c2FolA{k)) 



> (by the choice of ci et C2.) 

Absurd. 

(4) We deduce that for alH, \A,nn\< — , ^'"j . 

^ ' ' ' ' ' — cig{c2FolA{k)) 

Indeed, by remark [2. 3. 11 for all i we can write : 



cig{c2FolAik)) 

(5) Assume now that A, n^s^^} < ci^g{c2FolA{k)). Then we have 

successively, 

s\n\ < \ns\ 

< A, n 7^ 0} X max \A^ n ri^l 

i 

< Ai n 7^ 0} X max|Aj n ri| 

i 

< ci—g{c2FolA{k)) X ' ' - ' ' 



' " cxg[c2FolA{k)) 2 



Absurd. 



□ 



Take now g : x ~> . Since /? < 1, assumptions of lemma [2771 are satisfying. 
Let Dp = AIa B, m the following lines we are going to prove that this graph is 
solution of propostion 11.21 

2.3.2. proof of (i) of vrovosition \T7^ 
•Upper bound of Folner function 

Using the sets C/„ defined by (fTTI) . we get upper bound of Folner function. . 

FoloAn) ^ \Un\ = (2ri + 1)2^^''(-"^") « e"'. 
•Lower bound of Folner function 

We get the lower bound by the same ideas as in the case a > 1/3, but we have 
to improve the definition of satisfactory points. Let Ai a set of part of V{A) and 
let e > and y > 0. Given U C V{A Ia B) and / a configuration of U , we say 
that the configuration / is (1 — e, y)x satisfactory if there exists M £ M such that 
M' C M and (1 - e)|M| < |M'|, where M' = {a € V{A); dim/ > y}. 

4>(a) 

Then the proof falls into 3 steps. 

(1) Let U c V{Df) such that < i. (**) 



(2) For W C V{Df), we call Wc = {/; 3a G V{A) [a, /) e VF}. By the same 
way as in the proof of propostion 11.21 in the case a > 1/3, we prove that 
there exists e > such that for all U verifying (**), there exists W C U 
such that all / of Wc is (1 — e, FolB{k)/30)M satisfactory, with 



This result is analogous to lemma 12.21 et 12.31 is proved in the next section 



(3) Take now / e Wc, there exists M e such that, 

'm' = {a e V{A); dim/ > i^o^s (fc)/30} C M 

0(a) 

and 

JM'I > (1 - e)|A/|. 

Lemma [2791 applv with S = 1 — e, M = Vl and M' ~ Vis- We deduce that 
for all / in Wc, we can change the value of the configuration / in at least 
ci^2^(7(c2-Fo/yi(fc)) points in FolB{k)/30 ways by staying in Wc- Then we 
conclude by the following lemma: 

Lemma 2.10. Let Y > and X > 0. Let A a non empty set of configu- 
rations, such that for all configurations of A, there exists at least Y points 
where we can change the value of the configuration in X way without leav- 
ing A. Then : \A\ > X^ . 

ie: 

(V/ e A 3ai, a2, ay & A such that g A) =^ \A\ > X^ , 

f{x) ifxy^Qig 



where g is defined from f by : g{x) = 



X possibilities for g{aig) if x — a 



Proof. We proceed by induction on Y . 
If y = 1, it is exact. 

Suppose Y > 1 and consider a point xq in the base such that there exists 
X distinct configurations /i, /x £ A such that ^ xo fi{y) = f2{y) — 

■■■ = fx{y). 

For all i — \...X, let Ai = {f ^ A\ f{xo) = fi{xo)}, which are not empty. 
A— [J Ai and the Ai satisfy induction hypothesis with constant Y — 1. 

i=l...X 

So,\A\^ E \A,\>X.X^-^^X^. □ 

i=l...X 

Finally, lemma [2.101 gives . 

\U\ > \Wc\ > (E!^l^i!^y'ia{c2FoU(k)) y ^a{k)^ 
30 

since first FolB{n) — 2 and secondly FolA{k) ~ 2k. 
.3.3. proof of (ii) of vrovosition UTB . We follow idea of the case a > 1/3. 



(1) Let do ~ (0, /o) where fo is the configuration which is null every where. Let 
Xn = {Kn,gn) bc the random walk on Dp defined above. X starts from 
do and jumps uniformly on the set of points formed by the point where the 
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walk is and its neighbor. On this generahzed wreath product, this walk is 
still reversible for the uniform measure since the number of neighbor in D p 
is constant, equal to 4. Now write: 

pf/(rfo,do) - 

> 

> 

> 

where G is some finite set oiV{Dp). 

(2) Take G = = {(a, /) ; |a| < r and supp{f) C - r, r|])}. 
By the structure of edges on Dp^ we have : 

P?/(X„ e Gr) > P?/(Vz e [|0, n\] \K,\ < r) 
> P^'(VzG [|0,n|] <r), 

where is the law of {Ki)i which is still a random walk with transitions 
probability which can be represented by : 



A 1/2 
1/4 / \ 





n-1 


— ^ 





1/4 

(3) Now we have to find a lower bound for (Vi G [|0, n|] \Ki\ < t). It is 
not sufficient to use P^(Vi G [|0,rt|] \Ki\ < r) > e^'^i'^/^ +*") as in the case 
a > 1/3, because f3 — < 1 ( see step D of this proof). However we can 
prove that : 

3c > 0,Vn > P^(Vi £ [|0,n|] \K,\ < r) > e"™/'''. 

One can find this result in the lemma 7.4.3 of [7]. It is known for a simple 
random walk on Z'^ and we can deduce it in this particular case with a 
coupling. Consider Kl which takes values in 7?. K[ follows the horizontal 
jumps of Ki if Ki moves and jumps uniformly on its 2 vertical neighbors 
if Ki stays at its place. On the first hand we have {supQ<j<„ li^-j < r} C 
{supg<j<„ \Ki\ <r} and on other hand K[ is a simple random walk on I?. 
(For X = (a, b) G Z^, we note |a;| := max(a, b).) Then the result for Ki in Z 
follows from the result for K'i in 1? . 

(4) We can end up the proof. From \Gr\ = (2r+ 1)2^^" < e'"'^, we deduce 
there exists c > such that : 



Z 

^[P^-(X„GG)p, 
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But the function r i— > ^ + , is minimal for r like . 
So there exists c > such that: 

P?„^(0,0) > e-"''^ ==e"™°. 

2.4. Complement on satisfactory points. In this section we improve the notion 
of satisfactory point used in subsection 12.31 which is more abstract that the notion 
introduced in subsection 12.21 The reasons of this improvement will be explain in 
the next. 

We still consider a wreath product AlB oi two graphs A and i? or a generalized 
wreath product AIa B associated to some partition A. We take U C V{A I B) 
and as before to each U we associate an hypergraph Ku and its one dimensional 
skelelton Tu with weight w, built as the same way that in section [2.21 

Let e > and a > 0. Let a set of parts of V{A). To light the way of this 
definition and to link it with the old definition of satisfactory points (section [2. 2p . 
one can think to take for M. set of the form {D C V{A); ^"^"^ < -^j. 

• A configuration / of V{Kif ) is said (1 — e, a)jV( satisfactory if : 

(16) there exists M d ^A such that < and 

[ (1 -e)|Af| < \M'\ 

where M' = {m G V{A); dimf > a}. 

m 

Once again, we denote by 5'[/(l — e, a)M (or 5(1 — e, a)M ) the set of satisfactory 
configurations. 

• Otherwise / is not satisfactory and we note NS{\ — £,a)M ) the set of not 
satisfactory configurations. 

• If r' is a subgraph of Tjj, we say that / is 5(1 — e,a)M in respect to T' if / 
satisfies the same condition as in (jl6p but where dimension of / is counted only 
with edges in F'. More precisely : 

dtmf - #{,g; if,g) G E{T') and ix,g) eUand^y^x f{y) = g{y)}. 

• An edge of Tjj is said (1 — e, a) a/ satisfactory if it joins two (1 — e, a)^ satisfac- 
tory configurations, otherwise it is said (1 — e, a)M not satisfactory. As before we 
denote by 5*^(1 — e; a)M [resp A^5'^(l — e, a)M] the set of satifactory edges [resp 
not satisfactory ]. 

• A point u = {x, f ) € U is said (1 — e, a)x satisfactory [resp (1 — e, a)M not sat- 
isfactory ] if / G 5(1 — e, a)M [resp A^5(l — e, a)^^]. We denote by 5^(1 — e, a)M 
and NSP{1 — e, a) for the set of points which are (or are not ) satisfactory. 

• We keep the same defintion for good points, u = {x, f) ^ U is said a — good if 
dimf > a otherwise it is said a — bad. 

X 

The interest of this new definition of satisfactory points is the following. Con- 
sider a set Uc of (A, b) — satisfactory configurations. With the "old" definition we 
know that we can change the value of / in at least b points in A^: ways (at point x) 
without leaving Uc but we do not know exactly where are these b points whereas 
with the "new" definition, for a set Uc of 5(1 — e, a)j^ configurations, we know that 
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we can change the value of / in at least (1 — e) min \M\ points in a ways without 

leaving Uc et moreover we know that these points are contained in some M E M. 
This would be useful for our generalized wreath products since this property con- 
centrate points where we can change value of /. By the properties of partition, it 
remains only to get lower bound of 

Let U G V{AlB) such that ^^^^'"^ < joMfc ' following lemmas are similar 

to lemmas [12] etO 

Lemma 2.11. Let M = {D C V{A); < i} then we have 



/ -\ i^{u^U\ u is FolB{h) — bad } ^ 



U\ — 1000 ' 



there exists e > such that {l~e.Fols{k)/3)^^not saHsfactory} ^ 1 



500 ■ 



Proof. 

For (i) , it is the same argument that in part (i) of lemma 12.21 
For (ii) let, 

Neud = {ueU; ue NS^il - e, } 

= {u= (x, f)eU-Je NSil e, ^^^^)}, 

and let: 

Neud{f)^{{xJ);ixJ)eU}. 

Note that p{Neud{f)) = {x; (x, /) e U}. 
For F a set of configurations, let 

Neud{F) = U^Neud{f). 

Note the union is disjointed. 

Take now / G NS{1 — e, ^"'g ^''^ )m, and consider the set p{Neud{f)). 
Two cases appear. Either p{Neud{f)) gives a large part of boundary in "base" 
either not and this case by assumptions on / we will prove that p{Neud{f)) gives 
boundary in "configurations" 

Fi^tcase : f e F, := {f e NS{1 e, ^l^gS/^^ > i>- 

The application IJ Oa p{Neud{f)) — > OawU is injective. 

((x,/);(y,/)) 

So, we can write : 

(17) \dAiBU\ > \dA p{Neud{f))\ > i ^ \piNeud{f))\ > ^\Neud{F^)\. 



25 



Second case : f e F, := {f e iV5(l - e, ^)m; < 



Since / £ AfS'(l - e, ^^^^)m we have : 



3 



3 m' e M' - M, 

(18) for all Af e { or 

< (l-e)|M|, 
where M' stands for {m e ^(A); dhii/ > ^SM^}. 

Choose M = p{Neud{f)) since / G F2 we have M e and M' C M. So it is the 
second item of assertion ([T8|) which is satisfied, ie : \M'\ < (1 — e)|M|. So, 

#{x e p(^e^.d(/)); dimf > E^M^} < (1 _ e)|M| = (1 - e)\Neud{f)\. 
(We have used that \p{Neud{f)\ = \Neud{f)\.) 

So 

#{x G p(iVeud(/)); dtmf < E^Mll} > e\Neudif)\ 

X i 

(19) ie:\Pf\>e\Neud{,f)l 
with Pf = {xe p{Neud{f); dimf < ^^^^MM}. 

To each point of Pf ( for / in F2), we can associate in an injective way a point of 
the boundary (in configuration ) of U. Indeed, as before : 
for X & Pf and / £ Neud{F2), we have : 

\h.f\<^^<Folsik). 

where P^j = {gix); {x,g) e U and Vy x g{y) = f{y)}- 
Thus, 

IObP.jI > ^\Pxj\ > 0, 



and then 



Finally, 



IObP.jI > 1. 



\dAwU\ > J2 \9 

xePf,feF2 

> ^e|iVe7/d(/)| by 

feF2 

> e\Neud{F2)\ 

> —\Neud{F2)\ by choising e < 1/k. 
k 

By adding (fT7|) and this last inequality and using the fact that ^'^'j^'^ < jq^q^ , we 
get : 

\Neud\ 1 
\U\ ^ 500' 
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□ 

Lemma 2.12. Let e > andx > 0. Consider Tjj the one dimensional skeleton with 
weight w, constructed from Kjj. Assume that E{Tu) ^ and V/ £ Kjj dimf > a 

X 

and A4 does not contain the empty set. If we have : 

E Me) 
E w{e) 

e£Eiru) 



then, there exists a not empty subgraph T' of Tu such that all edges are Sui^ 

9+e _a_^ 
10 '10^ 



To^i Tti)M satisfactory in respect to V . 



Proof. In the graph Tu, we remove all points NSfj{l — ^j^, j^)m and adjacents 
edges. After this first step, it may appear some new points NS^_^{1 — j^)m, 
where Ui -NSPjil- ^^,^)M■ 

We remove again all adjacent edges and points and we iterate this process. 
Let Ui the set of vertices staying at step i. 

for J > 1 U,+, = U, - NSfj^ (1 - 9±l, ^)^. 

it is sufficient to prove that this process ends up before the graph becomes empty. 
Let Ci = E ■^(e) , C2 = E w^(e), 

eGN Su ( 1 — A< '^^'^L^ ( A< ;c removed 

at the end of the process 

and 

e£E(ru)}'-,G removed 

at the end of the process 

If we show that C2 < Ci, the result is proved since: 

Co < Ci +C2 < 2Ci < J2 ^(e)- 

eeE{ru) 

That would mean that it stays at least one point not removed, ie: 3ko G N such that 
all points of the graph get at step k, are Sfj^ (1 — ^j^, T())m^ so S^{l — ^j^, j^)m- 

To see this, let us introduce an orientation on removed edges : if L and Q are 
points of the graph, we orient the edge from L to Q if i s removed before Q oth- 
erwise we choose an arbitrary orientation. We note L the set of edges leaving the 

point L and L for the set of edge ending in L at step 0. 
T 

Sublemma 2.13. Let /c G N and let L be a point of the graph Tu (satisfying 
assumptions of lemma \2.1'/3fl removed after k -\- \ steps. Assume that L is initially 
SIj{1 — e, a)M, then 



eSL eG-L 

-I T 
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Proof. It would be useful to notice that for a multidimensional edge e, the sum of 
the weight (in the skeleton) of edges coming from e and adjacent to a point, is equal 
to 1. This is implied by our choice of the weight. 



(1) Let now Nq be the number of multidimensional edges at step 0. Since L 

is initially Sfj{l — e.a)^, there exists Mq G M. such that (1 — e)|Mo| 
multidimensional edges arc attached to L. So, 

(20) iVo > (l-e)|Mo|. 

Besides notice that : 



^ w{e) = No. 



e contains L 

Let : 

Li = {e G L, e coming from a multidimensionnal edge of i^c/^^ , 
I i 

oidim > a/10}, 

and 

L2 = {e G L, e coming from a multidimensionnal edge Ku , 

oidim < a/10}. 

Wc have L — LiL) L2, because edges of L correspond to edges leaving L 
ill i 

at step k. 

(2) Since L becomes NSij^{l — ^)m) we have: 

( M" (f_ M 
for all M in < or 

i|M"|<(l-9±^)|M| 

where M" = {m e y(A); dimL > f^}. 

m,Uk 

Take M = Mq, observe that M" C Mq so that implies |M"| < (1 - 
2±£)|Mo|. Finally L has less than (1 — ^^)\Mo\ multidimensional edges of 
dimension at least a/10, call them /i, with q < {1 — ^^)\Mo\. 

(21) E«'(e)= E E ^i^)<9- 

eeZ-i fe=l..g e 

I coming from fj^ 



<1 

(Initially this last sum was equal to 1, but after removing some edges, this 
sum is less than 1.) 

Besides, call gi, ...,gh the other multidimensional edges of dimension strictly 
less than a/10, attached to L at step k, with h < Nq — q. 
For all k = l...h, 

^ la 1 
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(Indeed, first all point have initially dimension at least a so we deduce 
Ve G E{ru^) w(e) < l/a and secondly an edge of dimension less than a/10 
gives less than a/10 edges attached to one point, in the skeleton. ) 

(3) Finally with ^ and we get : 



eeL 

I 



i q < {I - '-^)\Mo\ < No < ^ by®.) 

So, 

y^w(e) < —No et y^w(e) > No ~ —No = — iVo- 

eeL eeL 
I T 



And then, 

eeL eeL eeL 

4. T T 

□ 



The proof ends up by the same way as proposition 12.31 let: 
Di ~ {vertices removed at step 1}, 
and for i > 2 

-Di = {vertices 5'j^(l — e, a) removed at step i}, 
Fi — {edges between Di and Di-i}, 
Fl = {edges leaving Di-i}. 

Notice that Fi C F/ and that edges of F^ are removed. 



eeLi eeL2 



< q+{No-q) 
= 10^"+10^ 



10 



19 

100' 



:No 
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By sublemma 

12.131 applied in each point of Di in the graph get at step i — 2. (Each point of Di 
is at this moment, at least S{\ — e,a)M ) We get : 



V*>2 < 



eeFi 



SO, 



E ^e)<(i)-i^u;(e). 



eeF2 



(We have used that Fi C i^'. 
Thus, 



e6 U F/ 

i>3 ' 



i>l ee-F2 



Now, an edge of F2 is A^S'^(1 — e, a) because if this edge was S^{1 — e, a), this edge 
would have linked two points Sfj{l — e,a) and in particular, points of Di would 
have been Sij{l — e, a), so 5'j^(l — ^j^, a/10) and so would not have removed. Thus 

E^(e)< E «'(e)=Ci- 
Besides, all removed edge S^{1 — e, a) is in some F[ with i > 3, so 

c^= E ^(^)^^ E ^(^)- 

e removed at the of the process eG U -F' 

eeSf,(l- = ,a) »>3 



That ends the proof. 



□ 



Now we are able to explain the fact that we used in scction [2.3.2l in order to prove 



the lower bound of Folup- We recall that U C V(F)f) is such that 



\dM-BU\ 

m 



< 
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Let K be the sub hypergraph of Ku which contains only Folsik) /i— good points. 
As in the proof of (i) in the case a > 1/3 of propostion ll.2( we prove by using 
lemma [2. Ill that there exists 6 < 1/2 such that, 

E w(e) 

eeNSfj{l-e,FolB(k)/3)M 

- < 



ee£;(r^) 



for some e > &nd M = {D C V{A); < i}. 

Lemma [2.121 gives us a sub graph where all edges are 5^(1 — (5, i^oZB(fc)/30)» for 

9+e 
10 



5=1 — ^j^. By definition of satisfactory points, this proves the fact that we have 



used. 

3. Applications: study of some functionals 

3.1. Kind of problems, case of the lattice Z'^. Recall that for G a graph and 
X is a simple random walk on G, we note Lx.n — G [0;n]; = x}. The 
question is to estimate functional of type 

(23) E^{e ), 

where is a two variables non negative function. The method developped here is 
due to Erschler and can be applied on general graph G provided the isoperimetric 
profile on the graph G is known and the function F has some "good" properties. 
For the case of the simple random walk on lA, in [4 it is proved that 

(24) Vae[0,l] E;^(e ' ) « e-"\ 



(25) Va>l/2 E-( J] « ^'"^ 



+ 2/ri(n) d+2 

■'z;nJ ~ ^ 

z;L,.„>0 



where ri = ^+"(^ ^ xhis section is devoted to extend these estimates to an infinte 

' 2+a(l — a) 

cluster of the percolation model. 

3.2. In an infinite cluster of the percolation model. 
3.2.1. Percolation context. 

Consider the graph L'^ = (Z'', Ed) where Ed are the couple of points of Z'' at 
distance 1 for the A^i norm. Now pick a number p s]0, 1[. Each edge is kept [resp 
removed ] with probability p [resp 1 — p] in an independant way. We get a graph 
Lu and we call C the connected component that contains the origin and C„ the 
connected component of C fl [— n, n]'^ that contains the origin. 

We still use the notation oj for the apphcation Ed {0, 1} such that tj(e) = 
if e is a removed edge and 1 otherwise. Let Q be the probability measure under 
which the variable (a;(e),e G Ed) are Bernouilli(p) independent variables. If p is 
larger than some critical value Pc, the Q probability that C is infinite, is strictly 
positive and so we can work on the event {#C = +oo}. 

We denote by the graph such that V{C3) = C and E{C3) = {{x,y) e 
Ed; uj{x,y) = 1} and the graph such that V{Cs) = C and E{CS) = {{x,y) e 
Ed] x,y e Cn and uj{x, y) = 1} 
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From now on and until the end, X will design the simple random walk on the 
graph . We are going to prove estimate (|24|) and ([25|) for the walk X. 

3.2.2. Sketch plan. 

Let {Bx)x!^c be a family of graphs and let O^; an arbitrary point in each that 
we call the origin. For all x e C, consider the random walk {Y^)n on starting 
from point O^r, and jumping uniformly on the set of points formed by the point 
where the walk is and its neighbors. Let P^j" be the law of (Y^)n- 
Transition kernels of satisfy : 

where Vx{0') stands for the number of neighbors of a in graph Bx- 
Consider now the graph 

(26) W ^Wc^C3l{B,),ec- 

Let /o be the nuUe configuration, such that , for all x G C, fo{x) — 0^:, and let 
o = (0, /o). And we look at the random walk {Zn)n on the graph Wc starting from 
o, defined by the following: suppose that the walk is at point z = (x, /), then in 
one unit of time the walk makes three independent steps. First, the value of / at 
point X jumps in graph B^ in respect to the walk starting from f{x). Secondly, 
we make the walker in C jump on his neighbors in respect to uniformly law on his 
neighbor, so the walker in C (projection on C of walk on Wq) arrives at point y (z C. 
And thirdly, the value of / at point y jumps in graph By in respect to the walk Y"^ 
starting from f{y). 

Thus, calling p transitions kernel of Z, we have: 
for aU {{aJ);{b,g))e{V{Ca}B,)f: 

'^(a) K(/(a)) + 1] Wb{f{b)) + I] 
where x[(a, /), {b,g)] is equal to 1 if the walk is able to jump from (a, /) to {b,g) 
and otherwise. 
More precisely, 

X[{aj),{b,g)]^uj{a,b) {xi[{aj),{b,g)] + X2[(a, /),(&, ff)] 

+ X3[(a,/),(fo,g)]+X4[(a, /),(&, g)]), 

with 

Xl[{a,f),{b,g)] = l{Vi: f{x)=g{x)}, X2[(a, /),(&, g)] = 1{ (/(a),g(a))eB(S„)}, 

Vx^a /(x) = s(x) 

Xsiia, f),ib,g)] = 1{ {f{b),g{b))eE{B„)}, X4[(a, /),(&, 5)] = l{Vi^e{a,(,} {f(x),g(x))eE{B,)}- 

Vx^b /(x)=g(x) Vm^a.b /(x) = g(x) 

Notice that m defined by, 

(28) m(a,/) = Ka), 

is a reversible measure for the walk Z. We note a the following kernels: 

(29) a{x,y) = m{x)p{x,y) 

Let Pq be the law of Z starting from o. The key for our problem is the following 
interpretation of the return probability of Z: 
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Proposition 3.1. 

P-(Z„ = o)=E-( n P„^;(y4^=0,) l{x„=o})- 

£C;L^;„>0 

Proof. : 

P^(Z„-o) - P^((X„,/„) = (0,/o)) 

KiXo = A;o,Xi = k,, ...,X„ = A:„ ei /„ = /o) 

(fco,fci,...,fc^)eZ^ 

^ P^(Xo = fco,Xi = fci,...,X„ = A:„) 
(feo,fei,...,fen)eZ'' 

X C(/„ = /o|Xo = A;o,...X„ = fc„) 
5^ P^;(Xo = fco,Xi=fci,...,X„ = fc„) 

(fco,fci,...,/c„)GZ'' 

X n <^(^c=o-) 

a;;ix;,i>0 

= E-( n Po^;(r4^=0.) l{x„=o})- 

□ 

In order to estimate functional such that (|23p and in view of propostion l3.11 we 
have to find graphs Bx such that for aU m G N : 

Moreover, since we know that an isoperimetric inequaUty with volume counted in 
respect to measure m and boundary counted in respect to kernels 5, gives an upper 
bound of the decay of the probability transitions of walk Z, in a first time we have 
to estimate the Folner function of Wc and so (by similar results of section 1 , see [4] 
[5] and [6]) we should know Folner function of each Bx- 

The graph formed by the possible jumps of walk Z is not Wc — C I {Bz)zec, so 
we introduce the graph with same set of points of Wc but different set of edges. 
We call it C I l{Bz)z£C or shortly Wj. (or W'), the graph such that : 

(30) V{Wc) = V{Wc) and, 

{{a,fY{b,g))^E{Wi) ^ x[{a,fy..{b,g)] = l. 

Thus, in the graph W^, the random walk Z is a nearest neighbor walk. Properties 
of Z are linked to geometry of W^, but as we will see later Wc and are roughly 
isometric, so we can study isoperimetric profile of Wc- 

3.2.3. Study of E^{e-^^^°")- 

Upper bound Let a e]0, 1[ and (3 = and let F{x) = e^". Let Z?^ be the 
graph given by proposition II. 21 We put for all a; G C, B^ = Dp- 

First we want to obtain a lower bound of FoZSg"^*^ (/c). We proceed in 3 steps: 
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A. By using general results on wreath product, see [4], [5] and [6], we have : 

B. By proposition 1.4 of [6], we get: 

for all 7 > 0, there exists /3 > such that for all c > 0, Q a.s for large enough 
n, we have : 

(31) ^<:S''w^lf^'^l^ 



C. We want to carry ([311 ) on i^oZ^g||^^. Let 6 a imaginary point and consider the 
following graphs: 



(32) Wn=C^lDF, 
and 



(33) < = i iDp, 

defined by : 



ViC^ I Dp) = V{Cg I iDp) = V(Cl I Dp) U {5} 
and set of edges are given by 
E{Wn) = E{Ci I Dp) U {(x,(5); x G V{Ci I Dp) and 3y G V{W) {x,y) G E{W)} 
and 

E{W^) = E{C^JlDp))U{{x,S); x e V(C^UDp) andBy e V{W) {x,y) e E{W')}. 

Let respectively d and d' be the distances on W and W^', given by edges of these 
graphs. Wn are are rough isometric with constants independant of n. With 
the notations of definition 3.7 in f8], we have A = 3 and B = 0. 
Indeed, consider 

td:(V{Wn),d)^{V{W:,),d). 
For all x,ye V{Wn) = V"(W,;), we have: 

id(x,y) < d![x,y) < 3d{x,y). 

Thus the respective Dirichlet forms £ and £' for simple random walks on Wn 
and satisfy: there exists ci,C2 > such that for all / : V{Wn) ^ M we 
have, 

ci£(/, /)<£'(/,./)< csf (/,/), 

with 

ix,y)eE{W„) 

and 

f'(/)= E (/(^)-/(y))'- 

Now, let [/ C V{CS I iDp) and take / = 1(7, we get : 
ci\dwU\ < \dw'U\ < C2\dwU\. 



34 CLEMENT RAU 

Hence, we have proved that ((3T|) cany to FoZ|Jg||^^, so we deduce: 

Proposition 3.2. For all 7 > 0, there exists (3 > such that for all c > 0, Q a.s 

on the set \C\ = +00 and for large enough n, we have : 

(34) Foe7:fn{k)^[^^''^\^. ^fk<cn-', 

Now we are able to get an upper bound oi¥^{Z2n — o) and then an upper bound 
of our functional Let r„ = inf{s > ; Zs ^ V{Cg I iDp)} ■ 
We have, 

K{Z2n = 0)= C(Z2„ = and r„ < n) + P^(Z2„ - o and r„ > n). 

The first term is zero since the walk can not go out the box V(Cg llDp) before 
time n. 

The second term can be bounded with proposition 13.21 Let : 

_ J F{k)'' if fc < rr,1 



(35) 



^^^^ I {Fik)^'^" if k > cnr 



- Ti. is increasing and we can define an inverse function by 

n-\y)^m{{x;nix)>y}. 

- Besides, with the help of ([34]). 

- C and Dp have bounded valency and from formula of rh and a (see and 
we have : inf to > > et inf a > 0. 

V(W') ^'^ E{W') 

Thus, (see theorem 14.3 in[8] for example) there exists constants ci,C2 and C3 > 
such that 

K{Z2n = oet T„ >n)< u{n) 
where u is solution of the differential equation : 



u(0) = ci. 



Replacing F{k) by e'^ into Ti., we get the expression of 7i ^: 

c(Zn(?/))— ifl<y<e^" , 

(36) H (y) = <( if < y < e™ 

T(<i + c,(2-d)) 

Resolving the differential equation in the different cases, we get : 



1+0 



7(3-q) 



ce '^'^ ° if t < cn" 

"(0 = <( ce^^" ^ 6-^=*/" if cn^r^ < t < cn 1-° + n^r^ ^ 

-f(d + 2-dQ) 7(3-a) d+c«(2-d) ,j , o j % ^ 

(Each c design a different constant.) 
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Now whe choose 7 such that < 7 < niin( ^_^^_"^^ , gn^), then we get : 

there exists c = c{p, d, a, A) > such that 

u{2n) < e"™', 

So, Q a.s on the set \C\ = +00, and for large enough n (which depends on the 
cluster w), 

Po(^2« = o) ^ e-"\ 

By proposition 13. H we deduce that Q a.s on the event \C\ — +00 and for large 
enough n, 

(37) E-( n P^r(>tL=^o) l{x.„=o}) ^ e-"\ 

a;;ix;27i>0 

By our choice of graph Dp, there exists Ci, C2 > such that for all n > 1: 

(38) P^-(r„^-=do) > Cie-(^=")°, 

(39) > e-^°"°, 
for some Ao > 0. 

From ([57]) and ([55]) . we get that there exists Aq > such that Q a.s on the set 
C| = +00 and for large enough n, 

(40) E-(e ""l{x„.=o})^e-"\ 

To conclude, it remains only to prove that we can suppress the indicatrice function 
and that we can extend the inequality ((40|l to all A > 0. We explain this in 3 steps. 

1. First of all, notice that is is sufficient to prove ([3]) only for one value of A. Indeed, 
let A > 0, assume that for A = Ao, we have: 

(41) E^(e -^-^">« )^e-". 



-If A > Ao, (|4T|) is true because we can replace Ao by A using merely the decrease. 
-If A < Ao, we write 

E^[e -^-:">'' ] = E^[(e -^-:">» )^] 
< (E^[e -^-^">'' ])^ 

A 

(Jensen inequality applied to concave function x ^ x^o .) 
=< e-"". 

2. To take out the indicatrice function, we use the following lemma: 
Lemma 3.3. For all m > 0, we have : 

Po (E ^ 2d(2TO + l)'^ P-(E LS^2„ < 2m et = 0). 
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Proof. 

= ( E \/K^xl/v^x 

X 

< u{Bm{C)) E (lMM)Po(E^^;" = "^;^" = '^)' 

(Cauchy-Schwarz inequality) 

< 2rf(2m+l)<' E mY.^%n=m-^Xn = h)x 

X 

(by reversibility ) 

< 2rf(2m+l)'^ E Po(E^x;„="^;^n = /^)x 

heBrrtiC) X 

X 

(where ia;;[„;2„] = #{i e [n; 2n]; = x}) 

< 2d(2m + 1)'' P^(E L%2n < 2m; = 0). 

X 

because {X]^ L%.n = m ei K,[n;2n\ = m} C {Z^ L^.2„ < 2m}, since for 
a e [0, 1[, we have : 

□ 



Then we write, 

TO>1 X 

= (1 - e-^°) E e"'"" Po (E ^ ™; = 0), 

m>l X 
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since ^S;2n ^ m} = {Y.xL%2n < m} - {Y,^L%2n < TO - !}• Thus, we 
have, 

(we add only the even ni ) 

m>l ^ ' X 

(by lemma I3.3P 
> 5]e-^^™[P;r(EL^,, = TO)p 

m>l X 

(for some Ai > 2Ao ) 



> (^^e-^i") ^ X 

in>l 



(By Cauchy-Schwarz inequality) 
> Co E^[e-^i^--^-"]. 



3. We can now conclude. By previous inequality and by ()40p . there exists Ai such 
that : 

Then by step 1, we can extend this inequality to all Ai . 
Finaly we have proved : 

Proposition 3.4. Q a.s on \C\ = +oo for large enough n and for all X > we 

have, for all a G [0, 1[, 

where r]= 2+/^^_Jy 
Remark 3.5. 

1) If a — 0, we retrieve the Laplace transform of the number of visited points by 
the simple random walk on an infinite cluster. 

2) For a = 1, inequality is satisfied since ^ Lx-n = n and rj = I when a — 1. 

a:;Lj;;Ti>0 

Lower bound 

The proof falls into 4 steps. 

1. By concavity of the function x >—>■ for a G [0, 1], we have : 
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So, 

Eo(e -^^-">'' ) > Eo(e-^" ) 

> Po( sup D{0,X,) < m)e-^^('")'~°"". 

0<i<ri 

where V{m) = |_B„j(C)| stands for the volume of the ball of C centred at the 
origin with radius m. 

2. By proposition 5.2 of [6], we have : 

(42) Po( sup D{0,X,) < m) > e-'=('"+^) 

0<i<n 

3. By lemma 5.3 of there exists c > such that Q a.s on \C\ — +oo and for 
large enough n, 

V{m) > cm'^. 

4. So, we deduce, there exists C > such that Q a.s on \C\ = +oo and for large 
enough n, 

Eo(e -•-^-!">o ' ) > e"'^('"+;^+^"°™ ° ) 

l-Q 

Taking m = 7i2+<i(i-o) , we get : 

with 77 = and for all a G [0, 1]. 

Hence, we have proved : 

Proposition 3.6. For all a G [0, 1], Q a.s on \C\ ~ +00 and for large enough n, 

Eo(e -^^-;->« ' ) y e"™'. 

With 7^^ rf(l-a)+2 - 

Thus, the first assertion of Theorem II .31 comes from proposition 13.41 and propo- 
sition [ 



3.2.4. Study of E^{Y{L-;^,). 
We assume a > 1/2. 

Upper bound 

For this functional, one can take for all x E C, = = (Z, Ei) (if we take some 
, we get the same bound). We have : 

Fol^i{k) = 2k. 

We still use a random walk Y which jumps can be represented by: 





n-1 







T 1 

Let P be the law of random walk Y . 
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As before, let W, W, Wn and W^^ be the graphs defined respectively by ^ §^ 
dSH) and §^ with = = (Z, ^i). With the help of proposition 1.4 in [6] and 
general properties of isoperimetry on wreath product, we deduce: 
for all 7 > 0, there exists c, /3 > such that Q a.s on \C\ = +oo we have : 



(43) FoCAk)h 




if fc < cn'^ , 

if fc > CTl^ . 



With the same argument as in the upper bound of section I3.2.3( we carry (|43|) 
to Fol^, by rough isometry between graphs Wn and W^. We get: 
for all 7 > 0, there exists /? > such that for all c > 0, Q a.s on \C\ = +oo we have: 

In order to get an upper bound of (Z2„ — o), let again: 

Tn - inf{s > 0; ^ V{W^)}. 

We still have V^{Z2n = o) = (2'2„ = o and t„ > n). We use the same way to 
get the upper bound from ((44|) . 
Inequality (01]) implies: 



(45) Vfc > FoC' (k) h JN{k) = 




where N < crC . 

Jn is increasing and we can compute J^^'- 

J^^ = inf{x; Jn{x) > y} 



if fc < 
if fc > 




if 1 < y < N'=''''\ 
if iV™'^ < y. 



Remark 3.7. Let 

(46) J(fc) 




if k < crC , 
if k > crP . 



Inequality I44\l can be read Fol^, (fc) >: J{k). J is increasing but the form of J 
does not enable us to compute an inverse and for this reason we use Jjq for the 
lower bound of FoV^, (fc) instead of J . 

C and L"'^ have bounded valency so we still have inf m > 2 > and inf a > 

V(W'} E{W'} 

0. Thus with the same tools as in section 13.2.31 we get, there exists constants 
ci , C2 and C3 > such that 

Po (^2n = o and r„ > n) ^ u{n) 

where u is solution of the differential equation: 

1 «(0) = l/2. 
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Solving this equation, we obtain: 

[ e-^*/"'"' if t < to cnT(''+2^ ln(7V), 

U(t) — < , d + 2 d 

^ ' [ c(ln(JV)2/''(t-to)+ln(l/u(to))T- )^ if ^ > 

Chosing 7 < ^^^^ and taking N = cri^ , we obtain in t = 71: 
Q a.s on the event \C\ = +00 and for large enough n, 

Po (^2n = O) ^ g-n^ ln(«)3T2 

So with proposition 13. 11 we deduce : 

Proposition 3.8. There exists a constant C > such that Q a.s on \C\ = +00 

and for large enough n, 



T 1 d 

(Vr =V\\ 1r,, ^ ^ p-Cnti+s ln(n) 3+2 



(47) E-( n (l^L..,,. = 0) l{x,„.o}) < e 



T 1 

For the walk Y, we know that there exists cq > such that Pq (y„ — 0) 
In particular, 

(48) 3ci>0Vn>l pI^\F„ = 0) > ^, 

with ci < 1. So, for a > 1/2 we can find A> {) and C2 > such that 



rii/2 ■ 



(49) Vn > 1 P^j^ (y„ = 0) > <^ '^^ 



T 1 , \ \in> A, 

1^ n\ ^ ^ — ' 

if n < A, 



with C2 < 1. If we directly use the lower bound ([^5]) in (|T7)) at time Lx-27i, it appears 
a supplementary factor c^^^' on which we do not have control. 

So we put : 

Nn.2 = L,;n > 2}, 

which is the number of visited points at least twice by the walk X. And for 
£i, £2 > 0, consider the following events : 

Ai = {N2n < £1 n'^ ln{n)^}, 

A2 = {N2n > El n'3T2 ln(r7,)^ and A^2n.2 > £2 n'^ ln(n)^}, 

^3 = {N2n > £1 n'^ ln(r7,)^ and A^2n,2 < £2 n'^ ln(n)^}. 
We have 

(50) e;^;( n i;;2„ i{x.„=o}) = Eo( n ^x;2n i{x.„=o} IaJ 

+ n ^x;2„ 1{X.„=0} IaJ 

+ IEo( n -^^;2n l{-f2„=0} 1^3)- 

Let us examin these three 3 terms. 
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1. For the term corresponding to Ai, we write : 



±1_ „ 



)A'2„ 

Cl 



< E-( n PF(5^L..2„=0)x(i 

(par USD 

< E-( [] pF(5^l.;2„ =0)1{^,„=0}) 



a;;L;i;2n>0 



a;;ix:2,i>0 



x( — "^ln(n)^ 
Cl 



^ g-(C+£i ln(ci))nd+2 ln(n) <i+2 

(by proposition 13. 8p 

Now, choosing e\ small enough ( recall that In(ci) < 0), we deduce that there 
exists a constant Ci > such that Q a.s on |C| = +oo, we have, 

(51) E;:;( n l{^..=o}lAj<e-^^"^'"(")^. 

2. For the second term, we notice that on the event ^2 the product fl^. ^ ^ yo^x'2n 

d 2 

is less than (1/2)^^"^ in(«)3T!2 rpj^^^ ^j^^^,^ ^^^^^^ ^ constant C2 > such that, 

(52) E-( n Lx"2n l{X2„=o} U2) < e-^-"^ . 

3. For the last term, we use the following lemma: 

Lemma 3.9. There exists e' > such that for all e > 0, there exists a constant 
C3 > such that, for all n,N > 0, 

(53) F'^{Nn>sN etNn,2<£'N)<e-^'<'^. 
Proof. 

• Let To — and for fc > 1 let, 

Tfc = min{s > Tk-i; Xs ^ {Xo,Xi, ...,Xs-i} }. 

The Tfe represent instants when the walk X visits a new point. Consider now, 
the variables defined by : 

' 1 if Xr, = Xr 

otherwise. 



(54) 6fe = 



These variables have the following interpretation, is equal to 1 only when 
the new visited point Xr^ is immediatly re visited after a backward and foward. 
The efc are not independent but their laws are all some Bernouilli with different 
parameters. Besides, these parameters have a same lower bound S > 0, since 
the graph has bounded valency. 
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• Consider the following filtrations, 

Grn = o-iXj; <j < m), 
Tm = cr{X.j; < j < Tm)- 

€k are G2+Tk measurable and so measurable. For all A > and for all 

L > 0, we can write, 

(55) < E^(e-^^^=^'= E^(e-^'^lJ^i) ). 

• For the term EQ(e~'^'^ we have: 

E-(e-^^-l^i) = e-X(eL-l|^L)+PS'(6L=0|J^L) 

(56) = l + (e-^-l)P^(ei = l|.FL). 

Now, we want a lower bound of Pg (^L = M^l)- We have successively: 

P^;(eL = l|^L) - r^ieL^l\XrJ 

( Markov property) 

E l{x.^=.}P^ieL = l\Xr,=x) 

(57) > 5''. 

Last inequality comes from the fact that the graph has bounded valency, 
so in each point x the probability to do a backward and foward is greater than 
52 (with 5 > l/2d). 

• So, we deduce from ([56|l and ([57|) that, 

E;:^(e-^'^|^L) < 1 + (e-^ - 1)(5^ 



Iterating ((55l) . we get, 
(58) E^(e~^^^=i'^'') < (l + (e-^-l)52)LV2j^ 

where [aj stands for the whole mmrber portion of a. Let: 

ax = -ln(l + (e-^ - 1)5^) > 0. 
By Bien-ayme inequality, we deduce. 



L 

■0 



fc=i 

Using [L/2J for i > 2, L < 3, we get : 

L 

PoiJ2 ^ ^'^) ^ g-Li/2j(a.-3Ae')^ 
fc=l 

Note that this last inequality is still valid for L = 1. 

Fix A > 0, (by example A = 1) then we can choose e' small enough such that 
ax — 3e' > 0. We deduce the existence of constant b such that : 

L 

(59) P^(^efe <e'i) f^e-"^. 

k=l 
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• Now, notice that 

6N 

{7V„ > eN et N^,2 < e'N} C efe < e'N}. 

k=l 

Indeed, first if Nn > eN that means that at least eN new points have been 
visited. Secondly if there are less than e'N points visited more than twice 
then there are less than e'N points which have been immediatly visited after 
their first visit. Finaly we have: 

PoiNn > eN and 7V„,2 < e'N) < e'"^^ . 

□ 



We can now get an upper bound of the term corresponding to ^3 The product 
is less than 1, so we can write: 

K{ n ^^2„ 1{X.„=0} U3) < Po(^3) 

Let El small enough satisfying the first point (event Ai ), lemma 1331 with e = ei 
give us the existence of e' such that Then we take £2 = e' and we deduce 

there exists a constant C3 > such that, 

d 2 

Pg(yl3) < e~'"2"^^ ln(n)3T5 _ 

So, 

(60) E-( n L-|„ l{^,„^o} IA3) < e-^^"^ . 

Finaly, we deduce from ([5T|l (|52p and the following property. 
Proposition 3.10. Q a.s on \C\ — +00 and for large enough n, for all a > 1/2, 



_ -nd + 2 1„(„) d+2 

■ ■ " — ■ ■ 



To get the upper bound of the second point of Theorem 11.31 it remains to take 
out the indicatrice ^{X2„=o}- We use the same way as in the section [3.2.31 We 
prove: 

Lemma 3.11. For all m >0, we have: 

P^(^ ln(L,;„) = mf < 2d(2m + 1)'* F^iJ2 ln(i.;2„) < 2m et X2n = 0). 



The proof is similar to lemma 13731 We use in particular : 

in{Lx.2n) < ln(La;;„ + L^.[n-2n]) < ln(i3:;„) + ln{L^.[n;2n])- 
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Then 

X 

= ^ e-"" {J2 HLx-an) - m; = 0) 

m>l a; 

= (1 - e-") ^ e-"'" P^(^ ln(L,;2„) < m; = 0). 

m>l a; 

> (1 - e-") e-2""T^(^ ln(i,;2„) < 2to; X2„ = 0) 

m>l a; 



m>l ^ 

(by lemma I3.1ip 
> ^e-"^™[P-(^ln(L,;„)=m)] = 



m>l a; 

(for some ai > 2a) 



■^e-"^'"PJ^(^ln(L„,) = m) 



771 > 1 



77i>l a; 

(by Cauchy-Schwarz inequality) 

X 

So, with this last inequality and with proposition 13.101 we obtain the expected 
upper bound for some value ai: 

(61) E;;'(]Ji-^i) ^ e-""^ 

X 

From this inequality at point ai, we extend this relation for all a > 1/2. Let 
a > 1/2. 

-If a > ai, we can replace in ()61|) ai by a, by monotony in a. 
-If a < a 1, we write 

-a ln(L,;,.) -qi ^ ln(L,;„) ^ 

]E^[g .;i..;„>0 ] ^ jgc^j^g ^;i..;„>0 

< (E-[e ])^ 

( Jensen inequality to concave function x — *■ x~ .) 

So we have proved : 
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Proposition 3.12. Q a.s on the set \C\ = +00 and for large enough n, for all 
a > 1/2, 



'( n ) 



Lower bound 

By concavity of the function In, we get: 

n ^^1" = ^ 

z;L^;„>0 

> g .;i.;„>o 

On the event { sup D{0, Xi) < to}, it comes that : 

0<i<n 

Nn < \B,n{C)\ <cm'^, 

and 

n n 

> 



Nn cm"- 

Since function x > ^I^i^I is decreasing on [e, +00], if we choose to such that 

(62) ^ > e, 

cto" 

then we can write : 

Eo{ n ) ^ e-"^"'''"(^)Po( sup |X.|<to). 

a;;La;;Ti>0 — — 



Then by using (l42l) . we deduce : 



Taking to = ( ^^"^^ ) , inquality ([5^ is well satisfied for large enough n. 
Finaly, for large enough n we obtain, 

x;L^.,„>0 

So, 

Proposition 3.13. For all a > 1/2, Q a.s on the set \C\ = +00 and for large 
enough n, 

d 2 

771 / I I T —ct \ V —n ln(n) 

Eoi [[ L^.n ) ^ e ^ ^ 

a;;L^-Ti>0 

Remark 3.14. /n the proof of the lower bound, we have only used the assumption 
that a>Q, so this bound is valid for all a > 0. 
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So the second assertion of Theorem 11.31 foUows from propositions 13.121 and 13.131 



Acknowledgment 

The author would like to thank Pierre Mathieu and Anna Erschler for usefull 
remarks. 

References 

[1] COULHON T. Ultracontractivity and Nash Type inequalities, 

Journal of functional analysis, Vol. 141, p 510-539 (1996) 
[4] ERSHLER A. , Isoperimetry for wreath products for markov chains and multiplicity of 

self intersection of random walk. , Proba Theory Related Fields 
[5] ERSHLER A. , On isoperimetric profiles of 

finitely generated groups, Geometria Dedicata 100 p 157-171 

(2003) 

[6] MATHIEU P.and REMY E. Isoperimetry and heat 

kernel decay on percolation clusters. Annals of Probability, 32 lA, p 100-128, (2004). 
[6] RAU C. Sur le nombre de points visites par une marche aleatoire sur un amas infini de 

percolation.. Bulletin de la SMF(2006). 
[6] RAU C. Marches aleatoires sur un amas infini de percolation., these (2006). 
[7] SALOFF-COSTE L.and PITTET C. A survey on the relationships between 

volume growth, isoperimetry, and the behaviour of simple random walks on Caley graphs, 

with example., 

preprint (2001). 

[8] WOESS W. Random walks on infinite graphsand groups, 
book (2000). 



